We discuss how to analytically obtain an -essentially infinite -Matrix Product State (MPS) representation of the ground state of the XY model. On the one hand this allows to illustrate how the algebraic part of the correlation function emerges in the exact case using standard MPS language. On the other hand we study the consequences of truncating the bond dimension of the exact MPS which is also part of many tensor network algorithms and we focus on how well the truncated MPS transfer matrix reproduces the dominant part of the exact quantum transfer matrix. In the gapped phase we observe that the correlation length obtained from a truncated MPS approaches the exact value following a power law in effective bond dimension. In the gapless phase we find a good match between a state obtained numerically from standard MPS techniques with finite bond dimension, and a state obtained by effective finite imaginary time evolution in our framework. This provides a direct hint for a geometric interpretation of Finite Entanglement Scaling at the critical point.
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Over the recent decades, Matrix Product States (MPS) [1] [2] [3] and related numerical techniques have become the standard framework for simulating low energy states of local Hamiltonians in 1D. While MPS with finite bond dimension are an exact representation of the ground state only for a certain uniquely designed class of parent Hamiltonians (such as the celebrated AKLT model [4] ), for generic local gapped Hamiltonians, MPS of finite bond dimension nevertheless approximate local quantities in the ground state essentially to arbitrary precision [5] . However, for the long-range behavior of the system this is not necessarily the case as correlations of MPS with finite bond dimension necessarily decay exponentially [1] . The question of how well MPS are able to reproduce correlations at long distances becomes particularly interesting in view of recent observations linking the minima of dispersion relations of elementary excitations with the rate of decay of momentum-filtered correlations [6, 7] , or the new results on so called Finite Entanglement Scaling at the critical point [8] [9] [10] .
In this article we study a particular example where such questions can be addressed analytically, albeit in the framework of MPS. To that end, we show how to construct an exact MPS representation of the ground state of the XY model -a prototypical spin model in 1D -with in principle exponentially diverging bond dimension. In a next step we show how to obtain from this an MPS representation with finite bond dimension and examine how this truncation -which is also a part of many numerical algorithms -affects the spectrum of the transfer matrix and in particular the long-distance behavior of correlations.
The ground state of the XY model.-The S = 1/2 XY model on a chain of N spins is defined by the Hamiltonian
where σ
x,y,z n are standard Pauli operators acting on site n, and periodic boundary conditions are assumed. In order to construct an MPS representation of the ground state |Ψ XY , we exploit the observation by Suzuki [11] that H XY commutes and -more importantly -shares the ground state with an operator V given by
which appears naturally as the transfer matrix in the solution of the classical 2D Ising model [12] . We follow the notation of [12] and define the conjugated coefficient
where we assume that K 1,2 ≥ 0. For the sake of clarity we briefly reiterate the main steps of diagonalizing V .
The subsequent use of a Jordan-Wigner transformation σ
k c k e ikn , and a Bogoliubov transformation
−k allows to rewrite V as [20, 21] :
where the single particle energies ǫ k ≥ 0 are given by
and the Bogoliubov angles θ k are determined as The Hamiltonian of the XY model (1) can be diagonalized following exactly the same steps as those for V , with Bogoliubov angles tan 2θ k = γ sin k/ (g − cos k). With
H XY and H V then commute and share the same ground state. The part of the XY model phase diagram covered by the above mapping is shown in Fig. 1 . Exact MPS form.-Exponentials of operators of the form in Eq. (2) can be efficiently decomposed in terms of Matrix Product Operators (MPOs) with bond dimension 2 [13] :
up to normalization [21] , where
We refer to [13] for details of the derivation. We only point out that in the context of Suzuki-Trotter expansions of (the exponent of) the quantum Ising model Hamiltonian, which was considered in Ref. 13 , parameters K 1 and K 2 are small and proportional to an (infinitesimal) time step, while in the decomposition of V in Eq. (2) there is no Suzuki-Trotter approximation error and K 1 and K 2 can in principle be arbitrary. By applying V to some initial state |Ψ 0 L times, the ground state |Ψ XY of the XY model is obtained in the limit L → ∞ (pending normalization). This is equivalent to performing imaginary time evolution with the Hamiltonian H V in Eq. (3), where the effective imaginary time of evolution is proportional to L. This procedure is depicted in the top half of Fig. 2a Alternatively, one can look at this picture in the vertical direction, interpreting each column
. Due to the symmetry between C s and X s , which is apparent from Eq. (5), we can obtain A i simply by inverting the steps leading to the MPO decomposition of V . The only additional complication comes from the boundaries of A i , representing the physical (spin) degrees of freedom and the initial state |Ψ 0 , respectively. After some algebra we obtain
Here l = 1, 2, . . . , L labels the auxiliary degrees of freedom along the vertical direction and τ x,y,z l are Pauli operators acting on these. R i is a localized operator acting on auxiliary site l = 1, with R 0 = √ cosh K 1 ½ and
For a graphical representation see Fig. 2b . Notice that R i commutes with U 2 , but not with
As an initial (top) state we use for convenience a product state |Ψ 0 = |0 1 0 2 . . . 0 N with σ z n |0 n = |0 n fully polarized in +Z direction. This state is an eigenstate of the parity operator P = N n=1 σ z n with eigenvalue +1. As P commutes with V , the final state |Ψ XY has the same parity as |Ψ 0 . In particular, this means that in the ferromagnetic phase we consider the symmetric superposition of the two symmetry broken ground states.
Correlation functions.-We have cast the ground state of the XY model in an exact MPS form, where each MPS matrix A i has bond dimension 2 L and the limit L → ∞ is assumed. However, before addressing the question of finding an efficient MPS approximation with low bond dimension, we will discuss the asymptotic behavior of the correlation functions in the exact case. From now on, for the rest of this article, we will assume N → ∞ and we treat the system as infinite with open boundary conditions. Following standard notation [2, 3] we define the MPS transfer matrix as Fig. 2a ). Up to the open boundary conditions and exchanging K 1 and K 2 , T F has the same form as V in Eq. (2). For simplicity, in this section, we approximate T F by using periodic boundary conditions. We also define the (spin) operator transfer matrix
For the sake of clarity and without loss of generality, we further consider the static connected correlation function
in the paramagnetic phase only. Here we have defined the form factors f
, where |ϕ α ) are the eigenvectors of the transfer matrix T F to eigenvalues e −Eα . T F -which is hermitian by construction -is normalized in such a way that the eigenvalue to the dominant eigenvector |ϕ ∅ ) is equal to one -that is E ∅ = 0 and E α =∅ > 0 -such that |Ψ XY is properly normalized. Other correlation functions, also in different phases, can be obtained following the same arguments.
In the limit L → ∞ the spectrum of the transfer matrix consists of continuous bands as the states |ϕ α =∅ ) are obtained from the vacuum |ϕ ∅ ) by exciting free-fermionic quasiparticles and E α follows from summing up the corresponding single particle energies ǫ TF k , where
Now, in order to obtain the leading asymptotic of the correlation function, it is sufficient to know the dispersion around the minimum of the lowest relevant bandi.e. for which the form factors f zz α are nonzero -and the scaling of those form factors. In the case of C zz (R) the only nonzero form factor contributions come from α = {k 1 , k 2 }, that is, where two quasiparticles with momenta k 1 and k 2 are excited. Notice that form factors corresponding to the lowest single particle band α = {k 1 } vanish, since both T F and O z conserve parity.
Expanding around the minimum of ǫ TF k at k = 0 we obtain
with the gap ∆ = 2|K 2 − K 1 | and the coefficients a p = sinh(2K 2 ) sinh(
Now, for large R the correlation function behaves asymptotically as
In the limit of L → ∞ we treat k 1,2 as continuous variables with dk 1,2 = π L and we have
where we can extend the limits of integration to ±∞ for large a p R. Naturally, we recognize the correlation length as ξ = ∆ −1 , which is the slowest possible decay resulting from T F . Performing integrals yields the leading algebraic dependence on R,
where we recover the classic result by Barouch and McCoy [14] . Exactly at the critical point the dispersion relation is qualitatively different with ǫ [14] .
To summarize this part, notice that on the one hand the gap of the transfer matrix sets the correlation length while on the other hand, the full (low energy part of the) continuous band contributes equally (in the sense of form factors being proportional to dk) to form the algebraic part. The exponent is determined by the low energy dispersion of the transfer matrix and the corresponding form factors, as well as symmetries, resulting, for instance, in double integrals in the case of C zz above (see also the discussion in Sec. IVA in Ref. 6) .
Efficient MPS representation.-The results above are obtained analytically in the limit of exponentially diverging bond dimension D, where D = 2 L with L → ∞. However, above all, MPS serve as a class of variational states that lie at the heart of many numerical techniques, where only modest bond dimensions are feasible. It is therefore important to understand what information about the quasi-exact state is retained after truncating to an efficient MPS approximation with finite bond dimension D, i.e. |Ψ(A) ≃ |Ψ(Ã) , withÃ i matrices ∈ C D×D , where we follow standard truncation procedures for infinite systems [15] .
To that end, we obtain the reduced density operator of the MPS |Ψ(A) on a half-infinite chain and truncate in its diagonal basis. For this particular case, where the transfer matrix T F is Hermitian and its left and right dominant eigenvector are both given by |ϕ ∅ ), the physical density operator of the half infinite chain is equivalent to the reduced density matrix ρ of |ϕ ∅ ) with support on the L site auxiliary system with l > 0 (see Appendix and Fig.  2 ). Reduced density matrices for systems which can be diagonalized by mapping onto free-fermionic models have been studied extensively, see [16] for a review. As such, it can be expressed as ρ =
where f m are fermionic annihilation operators and δ m > 0 is the entanglement spectrum arranged in ascending order. Efficiently truncating to an MPS with bond dimension D = 2 χ is now equivalent to keeping only the first χ (most relevant) fermionic modes of ρ. This amounts to the projectioñ
where f m |0 m ) = 0. Notice that this procedure is not fully equivalent to just keeping the D largest singular values of ρ as it additionally retains the free-fermionic structure of the problem with new
For the remainder of this article we will focus on the spectrum of the transfer matrix generated by |Ψ(Ã) , i.e. T = 1 i=0Ā i ⊗Ã i , which can again be diagonalized as
where the spectrum is determined by single particle energiesǫ m > 0 arranged in ascending order [22] . Gapped system.-For the non-critical case, we simulate the XY model for a particular set of parameters g = 1.01 and γ = 0.8 in the paramagnetic phase. We show the resulting single particle energiesǫ m for several different χ in Fig 3a. Notably, we observe that the low energy part of the spectrum collapses onto a single curve when the index m = 1, 2 . . . , 2χ is rescaled by χ. Moreover, the lowest part of the spectrum shows quadratic behavior in m, consistent with the observation in Fig. 9 of Ref. 6 . In other words the results are consistent with the scaling of the formǫ m − ∆ ≃ a(m/χ) 2 . The universal quadratic behavior observed above implies that the gap of the truncated transfer matrixǫ 1 is shifted from the value of the true gap ∆, and approaches it as a power law in χ with exponent equal 2. That is indeed observed in Fig 3b where we show the relative error in the gap (i.e. the inverse of the correlation length) for increasing χ. We fit with p 2 ≃ 2.0518 close to 2. Notice, that for this particular set of parameters, even for χ = 10 the correlation length obtained from the free-fermionic MPS still underestimates the exact value by ≃ 5% [26] , where the exact gap of the full transfer matrix is given as ∆ = ǫ TF k=0 = 0.0124035 . . . It is apparent that a finite value of χ results both in an underestimation of the correlation length and the breakdown of the asymptotic algebraic dependence of the correlation function on R above some length scale dictated by χ. Correspondingly, by increasing χ, the MPS is able to better reconstruct the low energy part of the continuous band which is responsible for the asymptotic algebraic part of the exact correlation function.
Critical system.-For the gapless case, we simulate the XY model for a particular critical set of parameters g = 1 and γ = 0.5. Because of the vanishing energy gap of V , the actual ground state cannot be well approximated for any finite L. In that case, the spectrum of the transfer matrix T F is necessarily discrete, where the low energy part behaves as ǫ On the other hand, conventional MPS calculations using iDMRG [23, 24] try to approximate the critical ground state by the best possible state with finite correlation length [8] [9] [10] 17] . A priori there is no reason to expect a good match between these two approximations (iDMRG and free-fermionic MPS with finite L), we however obtain good agreement nonetheless.
To that end we analyze the state obtained with iDMRG and bond dimension D ′ = 70 and compare it with data for L = 8240. The value of L is obtained here by matching the ratio of the first two Schmidt values, corresponding to δ 0 in Eq. (9), to the one obtained from iDMRG. Most importantly, even for iDMRG at the critical point, we are able to identify groups of Schmidt values corresponding to the free-fermionic structure in Eq. (9) [25].
This allows us to compare the resulting spectra of the Transfer Matrix (D 2 = 2 2χ eigenvalues) for several values of χ and corresponding iDMRG* [25] . As can be seen in Fig. 3d The above results allow us to conclude that the state obtained with iDMRG contains the structure which is fully consistent with a free-fermionic theory on a strip of finite width. This provides a strong hint that so called Finite Entanglement Scaling [8] [9] [10] 17 ] -scaling observed while simulating the (conformally invariant) critical theory using MPS with finite D -can be interpreted in a geometric way. This cannot be seen that easily when one looks directly at iDMRG and the ratios of the dominant eigenvalues of the Transfer Matrix (cf. [10] ), since the ratios change if we enforce the free-fermionic structure on the MPS, and even then, for a given state and χ = 3, 4 the ratios are still far from expected values of (1, 3, 5 , . . . ) on a strip, see Fig. 3c and the Appendix.
Finally, while we were able to find a value of L in a free-fermionic MPS which is a good match to a particular MPS obtained from iDMRG with given bond dimension D ′ , the current analysis does not provide any hint why, for given bond dimension D ′ , iDMRG should yield an MPS approximation corresponding to an effective imaginary time evolution of the system up to some finite imaginary time proportional to L. Or equivalently, how to choose D ′ for an iDMRG calculation to reproduce results from a finite L free-fermionic calculation. Even more, while the comparison shown in Fig. 3d is remarkably good, it is possible that even a better match could be found if we allow the finite L free-fermionic theory to slightly move out of the critical point -as is usually the case for Finite Size Scaling [19] . That is, we would need to scan not only the values of L, but also g's and γ's close to the exact critical values -see e.g. [8] in that context. We can conclude, that an MPS with finite bond dimension can be understood as a particular renormalization group procedure applied to the exact transfer matrix, whose dominant part is increasingly well reproduced with increasing bond dimension. Still the comparison with the RG scheme based on a description in terms of an effective impurity -proposed in Sec. V.C of Ref. . to separately consider subspaces with even and odd parity (see [12] for details). This however does not affect any of our conclusions. We also note that in the context of the classical 2D Ising model [12, 18] it is more convenient to work with a transfer matrix of the form V
, while in our case Eq. (2) is more natural.
[21] For clarity we neglect the -in this case irrelevant -nor-malization factors throughout the article and reintroduce them only when necessary.
[22] For technical details regarding the truncation we refer to the Appendix. We just point out here that we diagonalize TF andT numerically, with finite sizes 2L and 2χ respectively, and open boundary conditions, using the formalism of "transformation matrices" (see e.g. [18] 
We have reindexed the auxiliary spins along the vertical direction for convenience, so that sites with l = 1, 2, . . . L correspond to A i and sites with l = L + 1, . . . , 2L toĀ i . Operators of this form were diagonalized by Abraham [1] using the formalism of transformation matrices. Here we reiterate the main steps of the derivation.
Firstly, T F is mapped onto a free-fermionic model by means of a Jordan-Wigner transformation τ are given by Eq. (8) and we keep the χ most relevant fermionic modes, i.e. we discard f -modes for Λ = {χ + 1, χ + 2, . . . , L} ∪ {L + χ + 1, L + χ + 2, . . . , 2L}.
We work directly with the transfer matrix and get
where states |0 j ) for which f j |0 j ) = 0 are obtained from the diagonalization of the reduced density matrix. We use the formalism of the transformation matrix, extending it to the case of non-invertible projections, cf. Eq. (A2).
First we obtain the transformation matrix for T F in the f -fermionic base as
where for convenience we reorder f = { f a , f b , f c } with f a describing the relevant modes f a = {f j , f † j : j / ∈ Λ}, f b = {f j : j ∈ Λ} are annihilation operators corresponding to the truncated modes, and finally f c = {f † j : j ∈ Λ} denote the corresponding creation operators.
(A3) by a suitable basis rotation from a M to f . Here, the relevant sub-matrices of R[
Namely, R aa describes transformation of f a into f a under the similarity transformation given by T F , R ab corresponds to the transformation f a into f b , etc.
The transformation matrix corresponding toT ,
is found as
Now, bringing R[T ] into canonical form -similar to R[T F ] -yields the spectrumǫ m , wherẽ
In order to derive equation Eq. (A5) we consider
where the projection P Λ = j∈Λ |0 j )(0 j | = j∈Λ c j c † j . Notice that f bP = 0 andP f c = 0. Rewriting Eq. (A6) we obtain EliminatingP f b T FP from the above equation we obtain
Now it is enough to notice thatP T FP ∼PTP and sincê P works nontrivially only on modes f j with j ∈ Λ, and T on modes with j / ∈ Λ we obtain Eq. (A4) with R[T ] given by Eq. (A5).
Numerical comparison with iDMRG.-Finally, we show further comparisons of our free-fermionic results with conventional MPS calculations using iDMRG.
In Fig. A1a we plot the gap of the transfer matrix (i.e. the inverse of the correlation lenght) in the gapped phase with g = 1.01 and γ = 0.8. We obtain a very good match between free-fermionic results and iDMRG, provided the correct 2 χ Schmidt-states are selected from an MPS obtained from iDMRG with initially larger bond dimension (labeled as iDMRG*). Without preserving the structure of Eq. (9) but rather just keeping the largest Schmidt values during truncation, standard iDMRG is able to approach the exact gap ∆ faster with increasing D, but in an irregular way without any clear scaling.
